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We investigate the stability of the zero solution of a nonlinear system of differ-
ential equations with periodic coefficients and holomorphic right-hand sides,
We examine the critical case when the characteristic equation of the linearized
system has only complex conjugate roots equal to unity in absolute value, while
specific integer relations (resonance) exist between the characteristic indices
and the frequency of the unperturbed motion . We formulate the conditions under
which the stability question is resolved by the first nonlinear forms of the expan-
sion of the right-hand sides of the equations of perturbed motion, For the most
important types of resonance we have obtained the necessary and sufficient con-
ditions for stability with respect to even-order forms, The sufficiency is proved
by the existence of a sign-definite integral, while the necessity, by the construc-
tion of a Chetaev function, The results obtained are extended, in particular, to
the stability of the periodic motions of Hamiltonian systems, Special cases of
this problern are examined in [1, 3], A general approach to solving this prob-
lem for non-Hamiltonian systems of second order was developed in [4].

1, We consider the system of equations of perturbed motion

dry | dt = X (24, 1) (L1

X, (@)= A@)ze+ D X, 0(z,, 1)
I=m>2
where x,is a 2n-dimensional vector and Xy (24, t) is an analytic vector-valued
function, periodic in ¢ with a real period @, of the form indicated,

Let the matrix A (f) be such that all the roots of the characteristic equation are com-
piex and equal to unity in absolute value. Then, the problem of the stability [5] of the
trivial solution of the nonautonomuous system (1, 1) reduces to the critical case of the
stability of » pairs of pure imaginary roots for the autonomous system if between the
characteristic indices == A, (A,2 <C 0, s =1,. . ., n) and the number 27i/® there
exist no integer relations of the form

2ni —_—

(PAY ===p, i=V—1 p=0+1+2... (1.2)
P=(py...spa)y |Pl=p14 - 4+ Pa>3, p>0
A:(}"h"‘v}“ay}"a-ﬂv---’}“n)

Mi>0, j=1,...,a, Ai<0, s=a+1,....n
where P is an n-dimensional vector with integer components,
We investigate the problem of the stability of the wivial solution of system (1, 1)when
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the resonance relations (1, 2) are satisfied, Here we consider the case when the stability
question is resolved by m -th-order forms, representing the lowest nonlinear terms in the expan
sion of the vector-valued function X . (z,, 7). As will be clear from what follows, in this
case we must have || =m -+ 1. We shall examine only even values of 7 and, in
addition, assume that vector P, satisfying (1,2), is unique, By the same token we have
excluded integer and half-integer values of A, as well as the cases of complex resonance
when the same frequencies are encountered in different resonance relations,
Using a linear transformation without violating the stability problem, system (1,1)can

be written as [5] oo o

2" = Az -+ Z XO(z,y,t), y =—hy-+ 2 Yz, y, ) (1.3)

l==m>32 =m>2
T=(2n, 0 0, wn), Y=Y . . U A=A L LAy

Here z, y are complex-conjugate vectors, ) is a diagonal mawix, X® (z, y, ¢) and
YO (z, y, t) are complex-conjugate vector-valued functions, periodic in ¢ with period
o, whose components X and Y () are represented by /th-order forms, so that

X == 2 Rks:’s (B xiFse . oL xpFenyyls oL Lyl
Ik 410l =t

Ry, () =Ry (t+0), s=1,2,.. .

ky=1(ka, . . . km) Li=(a - .., lq), kgl;>0

ke =ka+ - .. ke |Ll=lat .. +lg

where k,, [, are all possible integer vectors, We transform (1, 3) by the replacement

z, = [u, — ZUkS)ls B usbs . . upfonvda L. vlen] exp (ML) (1.4)
m

Ys = v — kas,zs(t) vt L p ket L L uplen] exp ( — Ayl)
m
s=1,2,. . .,n

in which we fry to select the complex-conjugate functions Uy, ;. () and Vi, (2) such
that they are bounded in /, while in the transformed equations the mth-order formshave
constant coefficients, The first group of equations in the complex-conjugate variables
usand v, takes the form

us = S [U5 1, + Riyr, (065D (1D w0 . it . vylon o (1.5)
m

Ay = Z(ksj_lsj)}"j_‘;"m s=1,2,. . .,n

=1

where the unwritten terms have an order of smallness no lower than m + 1,
We select the functions Uy, (f) from the equations

Uggi, + By, (2) exp (%8) = gy, (1.6)

where gk, are certain constants which we determine from the requirement of bound-
edness of Uk, 1, (t). Expanding Ry ; (f) in a Fourier series, we have
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Ry 1, (T exp (nsf) = Zb‘ 0, exp(‘%m +u3)t

To obtain bounded U k1, when ¥, does not satisfy the condition
%.Sm“—(;‘p’ P':Osﬁ:iiz}:27‘ .. (107)

it is obviously necessary 1o set gy ; = Q. The U, (2) themselves are represented in
the series form

+oa b(n)’ 9
Ui, ) = 3 e x| (o T ) 1] + G,

which, obviously, converge since the quantity »,remains unchanged for each pair of vec-

tors (., [,) . Thus, we can suppress all the nonresonant terms in the mh- order forms,
Now let (1, 7) be satisfied for some p = p,. Then,setting g, , = b‘p*) from (1,6)

we obtain B,

v }es,t‘s 2 (n + p:)*;nm/m exp {(n ‘1“}&)

where n -+ p, 5= 0 and, consequently, in this case all the Uy, are periodic with
period . Comparing (1.2) and (1,7) we can be convinced that under the assumptions
made concerning the vectors P and A the relations (1, 2) are satisfied by the unique
vectors k£ and [, namely:

2xni
} + Cks,ls

for s=1,...,00 kyj=0, Lj=pj Le=ps—1 =1 ..,0

ksj = pi, o5 =0, i=a+1,...8
for s=a-1,...,m kg = pj, lgg =0, f=1, .,
kij(}, laj = pjs lsg== ps—1, j=a-+1,.

The constant coefficients gy 1, corresponding to the vectors &, and /, indicated, are
9t pi
Bryl, = b(p') = “"SR"M, (t)exp (-~ %ﬁt) dt
Q

and since a unique pair of resonance vectors k, I, exists foreach s = 1,. .., n,in
the nonsingufar case (qks,ls#ﬂ) there is only one nonzero complex coefficient g, I
in each of the equations,

Setting , .
gks’ls :':a's‘""sta s=1,. . .,0, gks’zs mas’f‘-ibs, s=0a-4+1, ..., n

we reduce the first group of complex-conjugate equations to the form
vy = (@, — ib) Uy P, D Pa uIEH Ly e 4 D (u, 0, 1), s =1, .., 0 1,8)
' == (@ + i) ugPr... uPat o P D (U, v, 8), s =0 +1, .

where the functions @, {x, v, t) are bounded in the region

Zuv h, h>0, teto,o0]
§==1
and are of orders not less than m 4 2 in u, and »,.
Now setting
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Uy =T, eXp (”" ies)? vy, = IseXp (ies)7 s=a+1,...,n

u, =r, exp (i0,), v, =r.exp (— i), s=1;...,n

and adding onto Eqs, (1. 8) the unwritten group of equations conjugate to them, we reduce
the complete system of equations of perturbed motion to the following form, indepen-
dently of the number @ =1, . . ., n characterizing the resonance vectors P and A:

rore = Q.8 [1ri + R, (7,0, 1) (1.9)

=1

ri0, = 2% Hr,?g +0,(r,6,1)
y—l
Qs (0) = a, cos 0 + b, sin 6
0 :plﬂl + .« . +pn9n, V== (7'21 + . + rnz)‘/z
while the functions R, (r, 0, ¢)and @, (r, 6, ), being 2x-periodic in § and almost
periodic in ¢, are of an order of smallnéss not less than m |- 2 relative to »» , The sys-

tem of equations resulting from (1, 9) when R, = 0, = 0, is subsequently called the
model systermn,

Here

2, We reduce the investigation of the stability of the trivial solution of system (1,9)
to three principally different cases

n=1, (m+1r=22, 1)
o
n=2, P17V1i‘l727~2=%1-17, nAtpr=m-1

2ni
n=3, ph-+ Pohy - pshs = “'('D‘EP’ ptprf-pp=m41
where p =0, =41, =+ 2,...,while p, > 0 are integers,
Let us consider the case n = 1. System (1, 9) can be reduced to the form
=V & Fbrrmticos[$—(m+1)8]+ . . . (2.2)
r0° = Va? + brm™isin [$ — (m 4+ 1)0] + .
i = b coS Y == S —
W= yarE VT Vare
The model system has 2(m - 1) singular directions, determined by the equations
0, = (P +gm)i(m +1), ¢=1,2,. . .,2(m+1)
It can be verified that one-half of these directions correspond to unstable particular solu-
tions (an unstable ray), while the equilibrium position is a singular saddle point,

Theorem 2.1. The trivial solution of system (2, 2) is unstable for a? + b% £ 0.
The proof can be carried out with the aid of the Liapunov function

V =r*cos [$ — (m -+ 1) 0]
whose derivative by virtue of (2,2) is
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V' =(m+ 1)V o™+ O, 0, 1)

where @ (r, 8, ¢} is a function 2n- periodic in § and almost periodic in 7, conse-
quently, is bounded in every region r <C i, Obviously, for

Y=< (m+1)0<<Pp+3yn

we have VV* > 0, which satisfies Liapunov instability theorem [6] since V" is a posi-
tive-definite function in a whole neighborhood of the origin for a fairly small r. We
note that a special case of the one being considered was investigated in [1~5] wherein
only Hamiltonian systems were studied,

Let us investigate the influence of this resonance in a system of arbitrary order, having
n -+ k pairs of pure imaginary characteristic indices, of which the first ~ pairs do not
satisfy even one of relations (1, 2), where again | P| = m -+ 1, while m (even) is the
degree of the lowest of the nonlinear forms with which the expansions of the right-hand
sides of the original differential equations start, The remaining % pairs of characteristic
indices satisfy only resonance relations of the form

)\'J*(m_‘—i):?%ip’ pmovi-lvj:2v"'v ]':1’2"‘“‘15 (2. 3)

Then the original system of equations can be represented as

' =hr+ X (.2’:, ¥ g, ", i)s g‘ = A¥E + E(.T,, Y, gv 1, t) (2.4)
Y=—M +Y (& ¥y, M 8), N"=—An+H(zy &0l

z :(xh LY ] xn)? Yy :‘:(yh LEEEE] yn)i E =(§1’ « 0oy gk)

=M e M) A=1{h, .o A}, A% ={M*. .., M}

Here X, Y and E, H are complex-conjugate vector-valued functions, periodic in £,
whose expansions with respect to x, y, &, 1 start with mth-order terms,
Using the nonlinear transformation (1, 4), system (2, 4) can be brought to the form

o = Vs, i =D, (2. 5)
riry =V aE FbErmicos [$; — (m 4 1)8;] + R;

rif0; = V‘f—jg"?‘—{%iz—rm“ sin [; — (m -+ 1) 6;] 4 6;

r=Fd A4 e Y o= (08 e =1, ks

where the functions ¥, @, R;, ©; are bounded relative to @,,... » @y, O4,..., 0,
and {, while their expansions with respect to r and p start with terms of order not less
than m - 2, The following theorem proves to be valid for the system obtained,
Theorem 2,2, Ifevenone of the inequalities ¢ + 62 %0, j =1,. .., k,
is fulfilled, the zero solution of system (2, 5) and, consequently, (2, 4), is unstable,
The proof can be given with the aid of Kamenkov instability theorem [7] in the case
of n -~ L zero roots of the characterisitc equation,
Let X ;) and Y;™ be the mth-order forms with which the expansions of the vector-
valued functions X and Y of system (2, 4) start. We set up the forms
Fy=2;¥™ — X = Ve F 5™ sin[p — (m + 1) 0]
f=1,2,.. .,k
G; = 2, X + ¥V =V aP F b cos [ — (m -+ 1) 6]
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According to Kamenkov theorem the trivial solution of system (2,4) is unstable indepen-
dently of the terms of higher than mth-order if for even one value 0;*, being a root of
the equation F; (8;) = 0, the form G; (0;%) ~> 0. Suppose that we have a;*+b;% 5% 0
for even one pair a;, b;. Then, by setting 0,* — (m - 1)1, we obviously satisfy

all the hypotheses of Kamenkov theorem,

The theorem we have proved allows us to draw the following conclusion: the presence
of even one resonance of form (2, 3) in a system leads, as a rule (excepting total degene-
racy), to the instability of the whole system, In the case m = 2, of practical import-
ance, when designing the system we should avoid the situation when among the charac-
teristic indices there is even one which is an integral multiple of one-third of the fre-
quency of the unpertwrbed periodic motion,

We now consider the cases  — 2, n = 3 from (2,1), In both these cases the model
system resulting from (1, 9) by discarding the functions R, and ©, has one and the same
form as in the case of odd-order integral resonance for autonomous systems, treated in
fullest generality in [8, 9], Therefore, all the conclusions on the stability drawn in these
papers are preserved here, We cite them without proof,

Theorem 2,3, Under resonance in the case n == 2 the necessary and sufficient
condition for the stability of the model system is

a,/ ay =by/ by << O
The sufficiency can be proved by the existence of a sign-definite integral ayry® —
a;rs? = const, while the necessity, by Chetaev theorem, where the Chetaev function
we can take in the form
V' = rPryP: (cos 6 4 % sin 9)

Theorem 2,4, Under resonance in the case n — 3 the necessary and sufficient

conditions for the stability of the model system are

ﬁ]ﬁ3>0’ i78:11213
By = agbs — agh,, B = agby — arby, Py = aiby — asby

The sufficiency again can be proved by the sign-definite integral f,r,® + ﬁ2r22 -+
Bars® = const,while the necessity, by the Chetaev function

V = r®rs®rs® (cos 8 -+ x sin 6)

In the three cases of resonance considered a tendency isrevealed ofa decrease in the ca-
ses of instability withan increase in the number of frequencies participating in the resonance:
in the case n = 1 stability is possible only under total degeneracy (a® + b* = 0),
while for n = 2 one case of stability is possible, and for n = 3 the stability of the
model system is preserved in the whole region of values of its parameters,

Dwelling on the question of the connection of the stability problem for the complete
system with the stability problem for the model system, we note that from the stability
of the model system it is impossible to draw any conclusions on the stability of the com-
plete system, while the instability of the model system necessarily implies the instability
of the complete system, This fact has been rigorously proved (*) for autonomous systems,

*) Nurpeisov, S,,On stability in the critical case of » pairs of pure imaginary roots
in the presence of internal resonance, Candidate's Dissertation, Alma-Ata, 1972,
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As a consequence of the boundedness with respectto time of the forms of higher than
mth order in (1, 8) and of the complete coincidence of the model systems for the auto-
nomous case and for the case of periodic motions, the results on total instability of the
autonomous system extend to the resonance case considered here for n = 2 andn=3.

8, In conclusion we consider the Hamiltonian systems
aH* . QH*

% =
ZEN

xs ____ays*’ ys 331,2,...,11,

where H* ,analyticin z,*, y* and o is the Hamiltonian function periodic in time ¢
Then under the assumptions made above relative to the roots of the characteristic equa-
tion, with the aid of a linear wansformation, ¢ -periodic in # , of the variables x,*, y.*
to the new z,, Y, we again obtain the canonic equations

n a0
. 06H . o (1
Zs = 7—, ys:_g‘:‘r“y szxsxsys"f‘ 2 H)(«Z»y,f)
5 s=1 I=m-1 :

where z, and y, are complex-conjugate variables, while H() are /th-order forms in
Zs, Ys with periodic coefficients, As we can easily convince ourselves, a canonic trans-
formation of the equations obtained, analogous to (1, 4), can be given by means of the
generating function

i3

AN ; k ko1 1

S = [xsvs -+ 2 (Dks, O EALI STy st Ly ] XD (— Agt)

s=t g J=mt1
Consequently, Egs, (1, 8) are againin canonic form if the original equations were canonic,
1f we require Egs, (1, 8) to have the form

us' :6[{/8273’ vS. e aK/aus, 821,2,...,1‘&

then under resonance in the case n = 2 we arrive at the condition a,b, — a,b, =0,
while for n =3 ,to the condition f, =0, s=1, 2, 3. Itis interesting that for
n =1, for arbitrary original system, the model system corresponding to it is always ob-
tained as canonic with the Hamiltonian

K = i @ 4 i9)um 4 0 — )]
Thusinthe cases n—=1, n = 2 the stability conditions for the canonic systems follow in
a special mamner from Theorems 2,1 and 2, 3,

The case n = 3 for canonic systems requires a special analysis, For autonomous ca-
nonic systems this case of resonance was investigated in [9] and, next, in [10] where, in
particular, it was shown that the instability of the model system necessarily implies the
instability of the complete system, In this case the following theorem gives the necessary
and sufficient stability conditions for the model system,

Theorem 3,1, The necessary and sufficient condition for the stability of the tri-
vial solution of the model system under resonance in the case n == 3 is the presence of
an alternation of sign in the sequence of numbers a,, a,, a; or b,, b,, b,.

The sufficiency can bé proved by the sign-definite integral

a4 @ + agr? =const, a; >0, j=1, 23

while the necessity, by the Chetaev function
V =rPrlrPcosd
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We prove that from the stability (asymptotic stability) of linear systemn (1)follows
the stability (respectively, asymptotic stability) of the trivial solution of nonlinear
system (2) if the deviations of the arguments and the nonlinear addition are
sufficiently small in the correspinding integral sense,

For ] —1,2,..., gwedenote (¢, &, n;) =7{f &, &ove - oo EpMsMase - o

1), where f, §;,, M; are m-dimensional vectors, We consider the following two systems:
the linear system (1) and the nonlinear system (2) perturbed [1] relative to (1)

P

y=A@M)y, A@) = 2 A M
k==

a' (t) = § A (O (0 (D) + 7 (62" (B (), 7 (2 (1)) (2)

Here ¢y, {; ,Y; are transformations of the argument, A, (¢) are square matrices,
z and ¥ are mth-order vectors, Everywhere the integrals are to be understood in the
Lebesgue sense, The derivative is to be understood in the following sense, If for some



